This paper renders an optimal regulator for a system with state time-delay and quadratic performance index. First, by means of Maximum Principle and necessary optimal conditions, a continues-time two-point boundary-value problem (TPBVP) including both time-delay and time-advance is derived. Then, using Homotopy Perturbation Method (HPM), the obtained TPBVP is transformed into a sequence of linear time-invariant TPBVP without any time-delay or timeadvance. Solving the resulted linear TPBVP sequence in a recursive manner, concludes that the optimal control law in the form of rapid convergent series. At the end, an iterative algorithm with low complexity in computation and fast convergence rate is proposed to achieve an accurate enough suboptimal control law. It's worth noting that simulation based on application of a harmonic oscillator is conducted to demonstrate efficiency of this method. 
Introduction
The goal of optimal control theory is to determine control laws for a given dynamic process in a system subject to optimizing one or more predefined criteria. Time delay in biology, chemistry, electronics and mechanics domains [1, 2, 3, 4, 5] adds one level of difficulty in the designing phase of the control system for the process. A valuable amount of researches in the control theory have been spent on optimal control theory of time-delay systems. Different approaches have been proposed, each with its own pros and cons from the accuracy and computational complexity point of view in theory and practice and also the type of application domain in which the method is implemented [7, 8, 9, 10, 11] .
The conventional techniques for solving optimal control problems can be categorized into two broad classes: direct methods where the problem is being transferred into a nonlinear programming space by parametrization and discretization operators [5, 6] and indirect methods which find the solution by applying a dynamic programming on Hamilton-Jacobi-Bellman (HJB) equation [7] or applying Pontryagin's maximum principle in a two-point boundary-value problem (TPBVP) [8] .
Since solving a nonlinear HJB partial differential equation, is complex in most cases, most researchers try to avoid using it. An excellent literature review on HJB is provided in [9] . On the other hand, one of the most accurate methods for solving optimal control problems is to set a series of optimal first-order necessary conditions based on the Pontryagin's Maximum Principle. This method yields more accurate solutions and provides more confidence with the responses obtained than the others. However the Pontryagin's conditions only change to sufficient under specific circumstances to produce a system of nonlinear boundary-value differential equations that are difficult to be solved. Obtaining an analytical answer also a difficult task; therefore, finding suboptimal response for time-delay optimal control problems is the state of the art approach. As mentioned above, TPBVP resulted by Pontryagin's maximum does not provide an analytical solution, so researchers are trying to find an approximate solution for these problems and introduced Sensitivity Approximation Approach [10] and Successive Approximation Approach (SAA) [11] . Here, we propose to apply Homotopy Perturbation Method (HPM) to solve the two-point boundary-value problem (TPBVP) [18] . The idea is to introduce a Homotopy parameter which takes its values from range [0 1]. When the homotopy parameter value is 0, the set of equations are reduced to a simple form and as the parameter value increases, the system goes through a sequence of deformations. The solution of each stage of deformation is close to the one of the previous stage. In brief, the system has the original form of equation at 1 = p and progressively by decreasing the p value to 0 at the final stage of deformations, then we have the favorable solution. HPM gives us an accurate solution in a few numbers of perturbations and therefore speed up the convergence. Our proposed approach considers quadratic cost function as the criterion and transforms the time-delay optimal control problem into a time delay and time advance in the shape of a twopoint boundary-value problem (TPBVP) and finally converts it to a set of linear time-invariant TPBVP by applying Homotopy Perturbation Method. Unlike traditional approaches [7, 8, 9, 10, 11] , the presented technique only requires solving a sequence of linear TPBVP's, which effectively reduces the required amount of computations and makes it more practical comparing with approximation approaches applied in conventional platforms. Section 1 introduces the nonlinearity and time delay in optimal control theory and Section 2 discusses the idea of Homotopy Perturbation Method (HPM). Proposed algorithm to find a suboptimal solution based on HPM is presented in Section 3. Results are described in Section 5 and we conclude in Section 6.
Problem Statement
Consider a linear system with time-delay in state is described below:
with its quadratic performance index definite. The optimal control problem is to find the optimal control ) (t u * which minimizes the performance index (2) and subject to system dynamic described in (1) . In accordance to the Pontryagin's maximum principle, the optimal condition is attained as the following nonlinear TPBVP containing time-delay and timeadvance terms:
So the optimal control law can be stated as:
Since it is very difficult to solve such problems, approximating solutions of the two-point boundary-valued problems (TPBVP) in (3) or solution which will produce suboptimal control will be sought. Hence HPM will be considered as the method to solve the TPBVP described in (3) and details are followed.
Proposed Method
The model in (3) has been both time-delay and time-advance terms. A new method based on HPM introduced, there will generate a linear sequence of inhomogeneous TPBVP with no delay and advance in the state and co-state variables. To show the basic idea of this method, let us define an operator F in (6a) for
, and in (6b) for
Now let us separate the operator F into two parts:
Here L and N, represent the linear and nonlinear terms, respectively. Based on (7), Homotopy technique presented in [16] can be written as the following:
is an embedding parameter which is named Homotopy parameter. Thus in a way that agrees with Homotopy equations in (9), the perturbed vectors of ) , ( p t x and ) , ( p t λ become as follows:
Obviously from (9) we have: [12] . In regard to the problem, two operators are selected as follows:
i) linear operator:
nonlinear operator:
Firstly, embedded parameter p is used as a small parameter and is assumed that the solutions of (6a) and (6b) can be expressed as power series in p . 
Setting 1 = p in the above series yields Substituting (14) into (6a) and (6b), we have
From (16) and rearranging based on order of P and equating all terms of P with same order we find: 
Theorem2.1. (Sufficient condition of convergence)
Suppose that X and Y are two Banach spaces and let's define a contractive nonlinear:
where N is mapping X to Y that
where u and ũ are members of X and γ is between 0 and 1. Based on Banach's fixed point theorem the contractive nonlinear (21) has a unique fixed point U which
The following sequence can be generated based on the HPM,
. Then equation (24) has been proved. and the proof is complete. The equation (25) have been proved.
Suboptimal Control
Since it is impossible to find the control law from an infinite series as described in (19), we have to search for finite ones. To keep the first k terms in (19), we have the th k -order suboptimal control law, as described by
Here the value of k can be decided based on the precision required. With the suboptimal control law described in (29), the quadratic performance index can be calculated by using 
If the error bound 0 > ε is chosen small enough, then the th k -order suboptimal control law in (29) will be very close to the optimal control law ) ( * t u , the value of performance index k J will be very close to its optimal value * J , and the boundary condition will also be satisfied tightly.
Algorithm of finding suboptimal control law
Step 1: Construct Homotopy as described in (8), (9) and (10), and estimate the initial approximations.
Step 2: Substitut (14) and (15) into (9) and (10), and arrange them with respect to the order of p .
Step 3: Let 0 = j .
Step 4: Make the coefficients of j p zero and solve the resulted linear TPBVP.
Step 5: Let k j = and calculate the th k order suboptimal control law ) ( ) ( t u k according to (14) . Then we apply this control law to the nonlinear system as described by (2) to corresponding state trajectory
Step 8: Stop
Numerical Example
Nonlinear oscillators usually described by a set of nonlinear ordinary differential equations and some initial conditions, play an important role in high technologies such as biology, mechanics, optics and particularly in electronic circuits. To show high accuracy and efficiency of the proposed method, we apply the developed method to a harmonic oscillator with retarded damping. [17] Consider the problem:
with the given initial conditions
The quadratic cost function to be minimized is described by:
To show the validation of the proposed method, we first let the delay be zero, i.e.,
The results from the proposal method and those from the collocation method are shown in Figures 1-3 
Conclusion
To optimize linear, time-delay control systems, this paper offers an efficient iterative method based on the HPM to determine the optimal control law in the form of infinite series with easy computable terms. Despite of the other popular methods such as Successive Approximation Approach and Sensitivity Approach, this method avoids the difficulty of solving a sequence of linear time-varying TPBVPs or of solving directly the nonlinear TPBVP or the HJB equation. Instead it only needs solving a sequence of linear time-invariant TPBVPs, which provides a more practical way than the above-mentioned approximate methods in aspect of computational complexity. 
